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Abstract
It is demonstrated that the near-horizon geometry of general non-extremal black
holes can be described by a portion of AdS space. We show that the reason why
hidden conformal symmetries near horizons of general non-extremal black holes are
achieved in previous works is that the near-horizon geometries have been equiva-
lently taken as these AdS segments rather than simply the Rindler space.
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1 Introduction
According to the AdS/CFT correspondence, the AdS structure [1] near horizons of ex-
treme Kerr black holes implies that Kerr black holes at extremality could be described
by a two-dimensional conformal field theory (CFT) [2] (for a review see [3]). The near-
horizon geometry of extreme Kerr is a warped AdS3 space with the SL(2, R) × U(1)
isometry group. Through the evaluation of the asymptotic behavior by choosing appro-
priate boundary conditions, it is revealed that the asymptotic symmetry generators form
one copy of Virasoro algebra with central charge cL = 12J , enhanced from the U(1) isom-
etry group [2]. It is suggested that extreme Kerr black holes should be holographically
dual to a chiral CFT with the dimensionless temperature TL = 1/2π. This is supported
by the success in recovering the Bekenstein-Hawking (BH) entropy of extreme Kerr black
1E-mail: hqli@ustc.edu.cn
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holes using the dual CFT. In the near-extreme case, the near-horizon geometry is asymp-
totically the AdS3 space of extreme Kerr and a second copy of Virasoro algebra with the
same central charge cR = 12J emerges, being an enhancement from the SL(2, R) isometry
[4, 5, 6]. This corresponds to a two-dimensional CFT with opposite chirality.
It is hard to go beyond linear deviations from extremality. In this case, we need to
consider effects of backreaction [7, 8]. The near-horizon geometry of off-extreme kerr is
Rindler space in leading order and is no longer asymptotically a warped AdS3 space.
Hence, no conformal symmetry is expected in the Kerr black holes far away from ex-
tremality. However, an SL(2, R)L × SL(2, R)R symmetry is still revealed in the Klein-
Gordon equation of a minimally coupled massless scalar propagating in “near regions” of
generic non-extreme Kerr with low frequencies [8]. The SL(2, R)L×SL(2, R)R symmetry
in the wave equation spontaneously breaks down to U(1) × U(1) by the temperatures
TL = M
2/(2πJ) and TR =
√
M4 − J2/(2πJ). This conformal symmetry is “hidden” be-
cause there is no geometry accounting for it in off-extreme case. It implies that the general
Kerr should be dual to a two-dimensioanl CFT with central charges cL = cR = 12J at tem-
peratures (TL, TR). The entropy of general Kerr black holes computed by using Cardy’s
formula agrees well with the BH area law for black hole entropy and the result appears
to be valid for any values of M and J .
More hidden conformal symmetries are found in various black hole spacetimes [9,
10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20]. Recently, it is claimed in [21] that there is
also an SL(2, R) symmetry in the wave equation in near regions of Schwarzschild black
holes. Actually, the conformal symmetry near horizons of general black holes, including
Schwarzschild black holes, has long been suggested from the analysis on diffeomorphisms
[22, 23] and via the relation between optical metric and AdS space [24]. Further evidence
about this is given in [25, 26, 27], which shows that the near-horizon dynamics of the
Klein-Gordon equation for a scalar is a De Alfaro-Fubini-Furlan (DDF) model of conformal
quantum mechanics [28].
Various attempts to understand the hidden conformal symmetries have been made
in [29, 30, 31]. In the present work, we argue that, in derivation of hidden conformal
symmetries near horizons in previous works, the near-horizon geometries of non-extreme
black holes are actually taken as some particular AdS segments instead of simply Rindler
space. The AdS segment shrinks to Rindler space in off-extreme case and grows to the
AdS space that is usually derived in near-extreme case.
The paper is organised as follows. In Section 2, we show that the near-horizon geome-
tries of general non-extreme black holes can be described by AdS segments. In sections
3 and 4, we show how these AdS segments rather than Rindler space are responsible for
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the hidden conformal symmetries near horizons in Scharzschild/RN and Kerr black holes,
respectively. We give conclusions in the final section. The Appendix presents the AdS
segment near horizons of 5D rotating black holes.
2 AdS segments in non-extremal black holes
In this section, we show that the near-horizon geometry of general non-extremal black
holes can be described by a portion of AdS space. For black holes away from extremality,
these AdS segments are undistinguishable from Rindler space in leading order. Towards
the extreme limit, they can continuously grow to the AdS spaces that are previously
known in near-extreme case. In later sections, we shall show that it is these AdS spaces
that are responsible for the “hidden” conformal symmetries.
2.1 Schwarzschild black holes
Let us start with the Schwarzschild metric
ds2 = −
(
1− r0
r
)
dt2 +
(
1− r0
r
)−1
dr2 + r2(dθ2 + sin2 θdφ2), (1)
where r0 = 2M and M is the mass of the black hole. It is known that the near horizon
geometry of the Schwarzschild black hole is a product of the Rindler space and a two
sphere S2, which is, with the coordinate redefinitions r = r0(1 + ρ
2/4) and tˆ = t/(2r0)
ds2 = r20(−ρ2dtˆ2 + dρ2 + dΩ22). (0 ≤ ρ≪ 1) (2)
The Rindler space describes a uniformly accelerating frame.
In this paper, we show that the reason why hidden conformal symmetry is achieved in
Schwarzschild spacetime in [21] is that the authors have essentially adopted the following
AdS2 segment instead of the Rindler space (2) as the near-horizon geometry
ds2 = r20(− sinh2 ρdtˆ2 + dρ2 + dΩ22). (0 ≤ ρ≪ 1) (3)
This AdS space is undistinguishable from Rindler space in leading order (actually in up
to quadratic order) as the coordinate ρ is small. But the two geometries accommodate
different symmetries: the AdS2 space has an SL(2, R) isometry group, while the Rindler
space does not. In Section 3, we shall argue that the hidden conformal symmetry observed
in Schwarzschild spacetime actually arises from this AdS2 segment. If the near-horizon
geometry is exactly the Rindler space, there is no such conformal symmetry. In the next
subsection, we shall show why the near-horizon geometry of Schwarzschild black hole can
be described by the AdS segment (3), by analysing the Reissner-Nordstrøm (RN) metric.
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2.2 The AdS2 segment from RN metric
It is clearer to see the origin of the AdS segment (3) in the RN metric for a charged black
hole:
ds2 = −(r − r+)(r − r−)
r2
dt2 +
r2
(r − r+)(r − r−)dr
2 + r2dΩ22. (4)
where r± denotes the radii of the inner and outer horizons, respectively, which depend
on the mass and charge of the black hole. For the r− = 0 case, we go back to the
Schwarzschild metric. For the r+ = r− case, we get the extreme limit.
It is convenient to redefine the coordinates in the following way
r = r+(1 + δ), δ = ǫ sinh
2 ρ
2
, ǫ =
r+ − r−
r+
, t =
2r+
ǫ
tˆ. (5)
Then, the metric in Eq. (4) is exactly rewritten as
ds2 = r2+
[
− sinh
2 ρ
(1 + δ)2
dtˆ2 + (1 + δ)2dρ2 + (1 + δ)2dΩ22
]
. (6)
In regions closed to the outer horizon at r = r+, i.e.,
δ = ǫ sinh2
ρ
2
≪ 1, (7)
we approximately get a portion of AdS2 × S2:
ds2 = r2+(− sinh2 ρdtˆ2 + dρ2 + dΩ22), 0 ≤ ρ≪ 2 sinh−1
1√
ǫ
. (8)
The cutoff of the coordinate ρ is constrained by a function of the parameter ǫ, which
measures how extremal the black hole is. It is seen that, far away from extremality: ǫ ∼ 1
(ǫ = 1 is the Schwarzschild case), the valid value of ρ must be very small 0 ≤ ρ ≪ 1.
For the ǫ = 1 case, we get the AdS2 segment (3) for Schwarzschild black hole, which is
undistinguishable from the Rindler space in leading order since sinh ρ ≃ ρ. In the extreme
limit ǫ→ 0, the maximum value of ρ now can be very large: ρ ∈ [0,∞), as the condition
(7) is still saturated. It is easy to prove that the part insider the horizon is also a portion
of AdS space, as in [32].
There is a subtlety for the extreme limit of the RN black hole. The non-extreme RN
metric splits into two spacetimes at extremality: the disconnected AdS2 space and the
extremal black hole [32, 33]. The former outside the outer horizon takes the form (8) with
ρ ∈ [0,∞). The extremal RN metric takes the form:
ds22 = R
2
(
−u2dτ 2 + du
2
u2
)
, (9)
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with R = r+, which is the near-horizon geometry for points with a finite distance away
from the horizon in the extremal limit. Both AdS2 metric are patches of the fully extended
AdS2 space. They can be related via the following relations
u =
1
R
sinh ρe−tˆ, τ = R coth ρetˆ. (10)
Thus, whatever the value of ρ is, the AdS2 space (8) will always evolve into the horizon
(where u = 0) of the extremal black hole solution (9) as tˆ→∞. This implies that there
should be the extremal Kerr geometry (9) left eventually.
2.3 Kerr black holes
It is straightforward to make the similar analysis in the Kerr metric
ds2 = −△
χ2
(dt− a sin2 θdφ)2 + sin
2 θ
χ2
((r2 + a2)dφ− adt)2 + χ
2
△ dr
2 + χ2dθ2, (11)
where
△ = (r − r+)(r − r−), r± = M ±
√
M2 − a2
χ2 = r2 + a2 cos2 θ, a =
J
M
.
r± are the radii of the inner and outer horizons, respectively, and J is the angular mo-
mentum of the black hole.
We adopt the following notations and coordinate redefinitions:
r = r+(1 + δ), δ = λU, t =
r+t¯
λ
, (12)
φ = φ¯+
αt
r+(1 + α2)
, α =
a
r+
, λǫ =
r+ − r−
r+
= 1− α2. (13)
The last equation comes from the relation: r+r− = a
2. Then the Kerr metric (11) can be
exactly rewritten as
ds2 = r2+
{
−U(ǫ + U)
x2
(
1 + α2 cos2 θ
1 + α2
dt¯− λα sin2 θdφ¯
)2
+
x2
U(ǫ+ U)
dU2
+
sin2 θ
x2
[
((1 + δ)2 + α2)dφ¯+
U(2 + δ)
1 + α2
αdt¯
]2
+ x2dθ2
}
, (14)
where
x2 =
χ2
r2+
= (1 + δ)2 + α2 cos2 θ. (15)
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Taking the limits
λ≪ 1 and δ = λU ≪ 1, (16)
and redefining
t¯ = (1 + α2)t˜, φ¯ =
2αφ˜
1 + α2
, (17)
we can get the near-horizon geometry:
ds2 = r2+Γ
{
−U(ǫ + U)dt˜2 + dU
2
U(ǫ+ U)
+ dθ2 +
4α2 sin2 θ
Γ2
(dφ˜+ Udt˜)2
}
, (18)
where
Γ(θ) = 1 + α2 cos2 θ. (19)
Note that ǫ here satisfies the following condition, from the constraint (16)
ǫ =
1− α2
λ
≫ 1− α2. (20)
Far away from extremality α → 0, ǫ can only be very large values ǫ ≫ 1. Towards the
extreme limit α → 1, ǫ is possible to be small values. The conditions in Eq. (16) also
require that U should not be too large. Without loss of generality, we may set U to be
order of unity: U ∼ O(1) in the following discussion.
Further doing the coordinate redefinitions
t˜ =
2tˆ
ǫ
, φ˜ = φˆ, U = ǫ sinh2
ρ
2
. (21)
the near-horizon geometry (18) for a general Kerr black hole is reexpressed as
ds2 = r2+Γ
{
− sinh2 ρdtˆ2 + dρ2 + dθ2 + 4α
2 sin2 θ
Γ2
[dφˆ+ (cosh ρ− 1)dtˆ]2
}
. (22)
where
ρ ∼ 2 sinh−1
(
1√
ǫ
)
≪ 2 sinh−1
(
1√
1− α2
)
. (23)
This geometry looks like a portion of warped AdS3 space, with the coordinate ρ varying
within a range constrained by Eq. (23). Only in the extreme limit ǫ→ 0 or α→ 1, ρ can
reach infinity. Far away from extremality ǫ→ 1, this geometry is undistinguishable from
the Rindler space in leading order since ρ can only be small values due to the constraint
(23): sinh ρ ∼ ρ and cosh ρ ∼ 1.
An alternative form of the near-horizon geometry can be obtained via the following
redefinitions of the (t, φ) coordinates (keeping other notations and redefinitions the same):
t =
4r+
1− α2 tˆ, φ =
2tˆ
α(1− α2) +
2φˆ
α(1 + α2)
. (24)
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The metric becomes by taking the near-horizon limits (16)
ds2 = r2+Γ
[
− sinh2 ρ(1 + cos
2 θ)2
Γ2
dtˆ2 + dρ2 + dθ2 +
4 sin2 θ
α2Γ2
(dφˆ+ cosh ρdtˆ)2
]
, (25)
where Γ(θ) is the same as defined in Eq. (19) and ρ satisfies the condition (23) as well.
This is more like a portion of warped AdS3 space. Towards the extreme limit, ρ can reach
infinity. In this limit, we have Γ → 1 + cos2 θ and so recover the warped AdS3 space
obtained in [6] in the near-extreme case.
In Section 4, we shall show that a universal AdS3 segment like (22) or (25) in general
non-extremal case should be responsible for the near-horizon hidden conformal symmetry
[8] observed in wave equation in non-extremal Kerr spacetime.
3 Conformal symmetry in general RN/Schwarzschild
In this section, we show that it is the AdS2 segment (3) or (8) that accounts for the near-
horizon “hidden” conformal symmetries in Schwarzschild and non-extremal RN black
holes. The hidden conformal symmetry is observed in the wave equation of a massless
scalar propagating in the corresponding black hole backgrounds. Specifically, we can
consider the following Klein-Gordon equation
1√−g∂µ(
√−ggµν∂νΦ) = 0. (26)
For the RN metric (including the Schwarzschild case), the equation is[
−r
4
△∂
2
t + ∂r△∂r +∇2S2
]
Φ = 0, (27)
where △ = (r − r−)(r − r+) and
∇2S2 =
1
sin θ
∂θ sin θ∂θ +
1
sin2 θ
∂2φ. (28)
We can do the separation:
Φ = R(r, t)Y lm(θ, φ), (29)
where Y lm(θ) (|m| ≤ l) are the spherical harmonic solutions. Eq. (27) can be decomposed
into the two equations
∇2S2Y lm(θ, φ) = −l(l + 1)Y lm(θ, φ), (30)[
∂r△∂r − r
4
△∂
2
t − l(l + 1)
]
R(r, t) = 0. (31)
7
As done in [21], under the “near-region” condition ωr ≤ 1 and the low-frequency
condition ωr+ ≤ 1, the radial equation becomes[
∂r△∂r − r
4
+
△ ∂
2
t − l(l + 1)
]
R(r, t) = 0. (32)
This equation contains solutions that are SL(2, R) invariant. Because the geometrical
origin of this symmetry is unknown, it is called “hidden”.
Now we show that the hidden conformal symmetry is derived because the near-horizon
geometry of general non-extreme RN has been taken as the AdS2 segment (8). To do this,
let us adopt the coordinate redefinitions given in Eq. (5) that lead to the AdS2 geometry
(8). In this coordinate system, the scalar field (29) is expressed as: Φ = R(ρ, tˆ)Y lm(θ, φ),
and the radial part of the KG equation (27) is exactly rewritten as[
1
sinh ρ
∂ρ sinh ρ∂ρ +
(1 + δ)4
sinh2 ρ
∂2
tˆ
− l(l + 1)
]
R(ρ, tˆ) = 0. (33)
Taking the near-horizon limit (7): δ ≪ 1, we get the equation comparable to Eq. (32),
leading to the SL(2, R) symmetry. Note that, to get this equation, here we adopt the
near-horizon limit rather than the near-region and low-frequency conditions. It can be
proved that this is the KG equation in the AdS space (8). We can write down the vectors
H1(ρ, tˆ) = ie
tˆ(∂ρ − coth ρ∂tˆ),
H−1(ρ, tˆ) = −ie−tˆ(∂ρ + coth ρ∂tˆ), (34)
H0(ρ, tˆ) = −i∂tˆ,
where ρ satisfies the constraint (7). If we use the coordinate redefinition relations (5) for
the Schwarzschild metric case, these vectors are exactly those obtained in [21].
The vectors obey the SO(2, 1) or SL(2, R) algebra:
[H0, H±1] = ∓iH±1, [H1, H−1] = 2iH0. (35)
Eq. (33) in the near-horizon limit can be expressed as the Casimir of the vectors: H2R(ρ, tˆ) =
h(h−1)R(ρ, tˆ), where the conformal weight h = l+1 following the notation [34, 21]. Since
the generators and solution Φ are the same as derived in [21] (expressed in different co-
ordinates), we can also get the same relation Mωn = Mω0 − in/4 for the descendents.
If the near-horizon geometry is Rindler space, the corresponding wave equation to Eq.
(31) becomes: [(1/ρ)∂ρρ∂ρ + ω
2/ρ2]R(ρ) = l(l + 1)R(ρ) by using the field redefinition
relation r = r+(1 + ρ
2/4). The resulting vectors are those (34) with the replacement of
coth ρ→ 1/ρ. In this case, the first equation in Eq. (35) is still correct but the second one
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is not. Thus, the SL(2, R) algebra does not close. Hence, we can say that, in derivation
of the hidden conformal symmetry in [21], the relevant near-horizon geometry of the
Schwarzschild or generic non-extreme RN black holes is not simply the Rindler space any
more, but the AdS2 space (8).
Finally, we note that this near-horizon geometry can not provide apparent explanation
to the DDF model of the near-horizon conformal dynamics [25, 26, 27]. Using the AdS2
segment (8) and redefining R = ψ/
√
sinh ρ, we can approximately have the radial equation
d2ψ
dρ2
+
gψ
ρ2
= 0, (36)
where g = 1 + (4Mω)2. Based on this Hamiltonian, generators obeying the SL(2, R)
algebra can be constructed. However, using the Rindler space instead, we can get the
exact form of the equation (36) by redefining R = ψ/
√
ρ.
4 Conformal symmetry in general Kerr
We now turn to the Kerr black holes. Following [8], we separate the massless scalar as
Φ = e−iωtR(r)S(θ, φ). In the Kerr spacetime, the Klein-Gordon equation (26) decomposes
into:
(∇2S2 + ω2a2 cos2 θ)S(θ, φ) = −KlS(θ, φ), (37)[
∂r△∂r − (2Mr+∂t + a∂φ)
2
(r − r+)(r+ − r−) +
(2Mr−∂t + a∂φ)
2
(r − r−)(r+ − r−) + (r + 2M)
2ω2
]
R = KlR, (38)
where △ = (r − r+)(r − r−) is given previously.
4.1 The original hidden conformal symmetry
If we adopt the low-frequency condition
ωM ≪ 1, (39)
and the near-region condition
r ≪ 1
ω
, (40)
the first equation (37) reduces to
∇2S2S(θ, φ) = −KlS(θ, φ), (41)
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with Kl = l(l + 1). The second equation (38) reduces to[
∂r△∂r − (2Mr+ω − am)
2
(r − r+)(r+ − r−) +
(2Mr−ω − am)2
(r − r−)(r+ − r−)
]
R = KlR, (42)
whose solutions are hypergeometric functions, which are invariant under the SL(2, R)L×
SL(2, R)R symmetry. This indicates that there exists some hidden conformal symmetry
since there seems to be no AdS3 geometry accounting for them.
As stated in [8], the “near region” does not refer to the near-horizon region. For small
enough ω, the distance r can be arbitrarily large. However, it should also be noticed that
the last term in Eq. (38) can not be neglected compared with the second or the third
term under the conditions (39) and (40) when |r− r+| or |r− r−| is too large. Hence, the
near region could not be too far from the horizons.
4.2 Conformal symmetry on the warped AdS3 segment
To be consistent with [8], we define the temperatures
TL =
r+ + r−
4πa
=
1 + α2
4πα
, TR =
r+ − r−
4πa
=
1− α2
4πα
. (43)
Note that 2M/r+ = 1+α
2 and λǫ = 1−α2. The temperatures are related to the Hawking
temperature through: T−1H = (2M
2/a)(T−1L + T
−1
R ).
We now consider the KG equation (37) and (38) in the coordinate system redefined
in Eqs. (12), (13), (17) and (21), which lead to the near-horizon AdS3 segment (22) for
general non-extremal Kerr. To be precise, we here summarise the relation between the
new coordinates (tˆ, φˆ) and the original ones (t, φ) defined in these equations:
t = 2r+
TL
TR
tˆ, φ =
1
2πTL
(
φˆ+
TL
TR
tˆ
)
. (44)
∂t =
1
2r+
(
TR
TL
∂tˆ − ∂φˆ
)
, ∂φ = 2πTL∂φˆ. (45)
Instead of taking the two conditions (39) and (40), we adopt the condition r+ω ≪ 1, under
which the angular part (37) and the radial part (38) of the KG equation then become
respectively [
1
sin θ
∂θ sin θ∂θ +
4π2T 2L
sin2 θ
∂2
φˆ
]
S(θ, φˆ) = −l(l + 1)S(θ, φˆ), (46)
1
4
[
1
sinh(2η)
∂η sinh(2η)∂η − 1
sinh2 η
∂2
tˆ
+
1
cosh2 η
(
α2∂tˆ + (1 + α
2)∂φˆ
)2]
R(η, tˆ, φˆ)
= l(l + 1)R(η, tˆ, φˆ), (47)
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where η = ρ/2, who satisfies the constraint (23). Note that this is not exactly the KG
equation on the near-horizon geometry (22) or (25), except in the extreme limit α → 1.
This mismatch is caused by the difference in taking near-horizon limit in the wave equation
and in the Kerr metric with the redefined coordinates (tˆ, φˆ). But, this already indicates
that the near-horizon AdS segment (22) is closely relevant to the wave equation (47).
The equation (47) reminds us of the equation of a massless scalar propagating in an
AdS3 space of the form:
ds2 = − sinh2 ηdτ 2 + dη2 + cosh2 ηdσ2, (48)
in which, the Laplacian is
∇2AdS3 =
1
sinh(2η)
∂ρ sinh(2η)∂ρ − ∂
2
τ
sinh2 η
+
∂2σ
cosh2 η
. (49)
So Eq. (47) can be rewritten as: (1/4)∇2AdS3R = l(l+1)R, with the coordinate relations:
tˆ = τ + α2σ, φˆ = (1 + α2)σ. (50)
The AdS3 is a Lorentzian counterpart to S
3 with the isometry group SO(4) ≃ SU(2) ×
SU(2). The generators for this space are given by (similar to those given in [35])
H1(τ, σ) =
i
2
e(τ+σ)[∂η − (coth η∂τ + tanh η∂σ)],
H−1(τ, σ) = − i
2
e−(τ+σ)[∂η + (coth η∂τ + tanh η∂σ)], (51)
H0(τ, σ) = − i
2
(∂τ + ∂σ),
for the right-hand sector, and H¯n(η, τ, σ) = Hn(η, τ,−σ) for the left-hand sector. The
vectors H¯n and Hn satisfy the SL(2, R)L and SL(2, R)R algebra, respectively, with an
extra [Hn, H¯m] = 0.
From the above equations, we know that the coordinates (τ, σ) are related to (t, φ) via
t = 2r+
TL
TR
(τ + α2σ), φ =
1
2πTR
(τ + σ). (52)
Thus, the generators in the original coordinates (t, φ) can be written down
H1(t, φ) = ie
2piTRφ
{
∂ρ − 1
sinh ρ
[
2M
(
1 + cosh ρ
TL
TR
)
∂t +
cosh ρ
2πTR
∂φ
]}
,
H−1(t, φ) = −ie−2piTRφ
{
∂ρ +
1
sinh ρ
[
2M
(
1 + cosh ρ
TL
TR
)
∂t +
cosh ρ
2πTR
∂φ
]}
, (53)
H0(t, φ) = −i
(
2M
TL
TR
∂t +
1
2πTR
∂φ
)
,
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and
H¯1(t, φ) = ie
1
2M
t−2piTLφ
{
∂ρ − 1
sinh ρ
[
2M
(
cosh ρ+
TL
TR
)
∂t +
1
2πTR
∂φ
]}
,
H¯−1(t, φ) = −ie− 12M t+2piTLφ
{
∂ρ +
1
sinh ρ
[
2M
(
cosh ρ+
TL
TR
)
∂t +
1
2πTR
∂φ
]}
, (54)
H¯0(t, φ) = −2iM∂t.
We would like to stress that the valid values of ρ in the above formulas satisfies the
condition (23). If we change back to the original radial coordinate r through r = r+[1 +
λǫ sinh2(ρ/2)] as given in Eq. (17), we get the results obtained in [8]. The radial wave
equation can be expressed as the SL(2, R) Casimir
H2(t, φ)R(ρ) = H¯2(t, φ)R(ρ) = l(l + 1)R(ρ). (55)
The SL(2, R)L × SL(2, R)R weights of the field Φ are (hL, hR) = (l + 1, l + 1).
Hence, we have shown that the “hidden” conformal symmetry in the wave equation
should arise from the near-horizon AdS3 segment like (22) or (25). This AdS segment can
be continuously extended to the full AdS space with ρ ∈ [0,∞) derived in the near-extreme
case [6]. If the near-horizon geometry is strictly Rindler space, the vectors are those given
in Eqs. (53) and (54) but with the replacements of sinhα → 1/α and coshα → 1, which
do not satisfy the SL(2, R)L × SL(2, R)R algebra.
As observed in [8], the vectors are not globally defined because they are not periodic
under the periodic identification φ ∼ φ + 2π. The SL(2, R)L × SL(2, R)R symmetry is
spontaneously broken by the periodic φ down to the U(1)L × U(1)R subgroup, which is
generated by (H¯0, H0).
The Kerr/CFT correspondence [2, 4, 6] suggests that Kerr black holes at extremality
could be described by a two-dimensional CFT. The central charges derived from the
analysis of the asymptotic symmetry group (ASG) are: cL = cR = 12J . The entropy
computed in the dual CFT using Cardy’s formula:
S =
π2
3
(cLTL + cRTR) = 2πMr+, (56)
agrees with the Bekenstein-Hawking result for black hole entropy. In [8], it is also noted
that the agreement is still true for any values ofM and J . This implies that the Kerr/CFT
correspondence at extremality might be continued to the off-extreme case, even including
the Schwarzschild black holes. If so, the AdS3 segment discussed above for non-extreme
Kerr black holes might provide the geometrical explanation to this extension. But this
is hard to be verified because the AdS segment in off-extreme case is only a portion of
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the AdS space in the near-extreme case. The coordinate ρ can not reach infinity and so
the original ASG approach does not apply in off-extreme case. We do not know how to
calculate the central charge to verify the entropy formular.
4.3 Scattering
We shall look at the scattering amplitudes on the AdS segment. It is convenient to use the
coordinate system (τ, σ), in which the scalar can be expressed as: Φ = e−iωτ τ+imσσR(η)S(θ).
Then the solutions to the radial KG equation are
R(η) =
(coth η)iωτ
(cosh η)2(l+1)
F
(
1 + l − i
2
(ωτ −mσ), 1 + l − i
2
(ωτ +mσ); 1− iωτ ; tanh2 η
)
. (57)
The hypergeometric function F (α, β, γ, z = tanh2 η) can be transformed into the form
F (α, β, γ, 1− z = cosh−2 η). In order to match the boundary conditions of the near and
far regions, we need to know the solution at large η. We can expand around the pole
1− z ∼ 0 to leading order:
R(η) ∼ A(cosh η)2l +B(cosh η)−2(l+1). (58)
where
A =
Γ(1− iωτ )Γ(1 + 2l)
Γ(1 + l − i
2
(ωτ −mσ))Γ(1 + l − i2(ωτ +mσ))
, (59)
B =
Γ(1− iωτ )Γ(−1 − 2l)
Γ(−l − i
2
(ωτ +mσ))Γ(−l − i2(ωτ −mσ))
. (60)
Since cosh−2 η drops to zero rapidly with η increasing, this approximate solution can
be trusted as the black holes are not far away from extremality. However, for the general
off-extreme case, the maximum value of η may not be large enough. So we should consider
higher order terms in the expanded solution, as expected. This will be left for further
study. In the original paper [8], the leading term is adopted as the solution for general
black holes because they think that r can be arbitrarily large by choosing small enough ω.
But, as we have argued above, r can not be too far away from the horizon to guarantee
that we can pass from Eq. (38) to the approximate equation (42).
In the near-extreme case, the absorption cross section is then proportional to
Pabs ∼ |A|−2 ∼ sinhωτ
∣∣∣∣Γ(hL − i2(ωτ −mσ)
)∣∣∣∣2 ∣∣∣∣Γ(hR − i2(ωτ +mσ)
)∣∣∣∣2 . (61)
Identifying ωL = πTL(ωτ −mσ) and ωR = πTR(ωτ +mσ), we can get the standard cross-
section for 2D CFT given in [8].
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5 Conclusions
It is shown that hidden conformal symmetries near horizons are derived because the near-
horizon geometries of non-extreme black holes are essentially taken as some AdS segments
instead of simply Rindler space, though the former contain the Rindler wedge as well in
the neighborhood of the horizon. These AdS segments can be viewed as the remnants of
the AdS spaces in near-extreme case. That is, the AdS spaces in near-extreme case do not
disappear immediately and a portion of them (the part close to the horizon) remain in
the case away from extremality. Since these AdS segments do not contain the boundary
at spatial infinity, we do not know how to calculate the central charge using the ASG
method. So the suggested entropy formula can not be easily verified. The absorption
possibility is also not able to be computed using the ordinary method in this situation.
This may demand higher order corrections to be taken into account, which is the target
of future work.
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Appendix
A AdS segment in 5D rotating black holes
The near-horizon AdS segments can also be obtained in higher dimensional black holes.
Here we derive the form for 5D rotating black holes. The hidden conformal symmetry in
this kind of black holes has been discussed in [36, 20, 30]. The metric is
ds2 = − △
r2χ2
(dt− a sin2 θdφ− b cos2 θdψ)2 + r
2χ2
△ dr
2 + χ2dθ2
+
sin2 θ
χ2
[adt− (r2 + a2)dφ]2 + cos
2 θ
χ2
[bdt− (r2 + b2)dψ]2 (1)
+
1
r2χ2
[abdt− b(r2 + a2) sin2 θdφ− a(r2 + b2) cos2 θdψ]2,
where
△ = (r2 + a2)(r2 + b2)− 2Mr2, χ2 = r2 + a2 cos2 θ + b2 sin2 θ. (2)
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The radii of the inner and outer horizons are
r2
±
=M − 1
2
(a2 + b2)± {[M − 1
2
(a2 + b2)]2 − a2b2} 12 . (3)
The extreme limit is at r+ = r− =
√
ab, with M = (a+ b)2/2.
It is easy to derive a similar form of the near-horizon geometry to the one (18) or (22)
for 4D Kerr. In what follows, we only present the form corresponding to Eq. (25).
We adopt the following notations and coordinate redefinitions:
r2 = r2+(1 + λU), t =
r+t¯
λ
, (4)
φ =
αφ¯
1 + α2
+
2αt¯
A
, ψ =
βψ¯
1 + β2
+
2βt¯
B
, (5)
A = 1 + α2β2 + 2α2, B = 1 + α2β2 + 2β2, (6)
α =
a
r+
, β =
b
r+
, λǫ =
r2+ − r2−
r2+
= 1− α2β2. (7)
The last relation comes from r2+r
2
−
= a2b2. In this coordinate system, the Hawking
temperature and Bekenstein-Hawking entropy are expressed respectively:
TH =
r+(1− α2β2)
2π(1 + α2)(1 + β2)
, SBH =
π2r+
2
(1 + α2)(1 + β2). (8)
Taking the near-horizon limit λ≪ 1 and λU ≪ 1, the metric (1) in the new coordinates
is
ds2 = r2+Γ
{
−Λ
2U(U + ǫ)
16Γ2
dt¯2 +
1
4U(U + ǫ)
dU2 + dθ2 +
α2 sin2 θ
A2Γ2
[
(2U + ǫ)dt¯ + Adφ¯
]2
+
β2 cos2 θ
B2Γ2
[
(2U + ǫ)dt¯+Bdψ¯
]2
+ α2β2
[
Λ(2U + ǫ)
4Γ(1 + α2β2)
dt¯+ sin2 θdφ¯+ cos2 θdψ¯
]2}
, (9)
where
Γ(θ) = 1 + α2 cos2 θ + β2 sin2 θ, (10)
Λ(θ) =
4(1 + α2β2)[1 + α2β2 + 2(α2 cos2 θ + β2 sin2 θ)]
(1 + α2β2 + 2α2)(1 + α2β2 + 2β2)
. (11)
The condition λ≫ 1 requires that the parameter ǫ satisfies ǫ≫ 1−α2β2. In the extremal
limit α2β2 = 1, we have Λ = 6Γ/(1+α2)(1+β2). For identical spin a = b, we have Λ = Γ.
Let us further redefine
U = ǫ sinh2 ρ, t¯ =
tˆ
ǫ
, (12)
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The metric becomes finally
ds2 = r2+Γ
{
− Λ
2
64Γ2
sinh2(2ρ)dtˆ2 + dρ2 + dθ2 +
α2 sin2 θ
A2Γ2
[
cosh(2ρ)dtˆ+ Adφ¯
]2
+
β2 cos2 θ
B2Γ2
[
cosh(2ρ)dtˆ+Bdψ¯
]2
+ α2β2
[
Λ cosh(2ρ)
4Γ(1 + α2β2)
dtˆ (13)
+ sin2 θdφ¯+ cos2 θdψ¯
]2}
,
where
ρ ∼ sinh−1
(
1√
ǫ
)
≪ sinh−1
(
1√
1− α2β2
)
. (14)
The coordinate ρ is constrained because we have set U ∼ O(1), as done in the text.
Towards the extreme limit, we have the AdS space with ρ ∈ [0,∞).
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